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We experimentally and theoretically investigate the scattering of a photonic quantum field from
another stored in a strongly interacting atomic Rydberg ensemble. Considering the many-body
limit of this problem, we derive an exact solution to the scattering-induced spatial decoherence of
multiple stored photons, allowing for a rigorous understanding of the underlying dissipative quantum
dynamics. Combined with our experiments, this analysis reveals a correlated coherence-protection
process in which the scattering from one excitation can shield all others from spatial decoherence.
We discuss how this effect can be used to manipulate light at the quantum level, providing a robust
mechanism for single-photon subtraction, and experimentally demonstrate this capability.
Dissipation in quantum many-body systems can pro-
vide a powerful resource for realizing and harnessing a
wide variety of complex emergent phenomena [1]. This
notion has since enabled new concepts and strategies
in dissipative quantum computation [2], simulation [3]
and many-body physics [4, 5]. Quantum optics systems
present natural settings for such physics since they are
intrinsically driven and dissipative in nature. Here, the
interplay between coherent driving, photon propagation
and dissipation can give rise to a broad range of nonequi-
librium phenomena [6, 7]. In combination with strong
optical nonlinearities at the quantum level [8–24], this
is now opening up a new frontier in strongly correlated
nonequilibrium physics with photons [25–29]. In this di-
rection, electromagnetically induced transparency (EIT)
[30] in atomic Rydberg ensembles [31] has emerged as
one of the most promising approaches [32–35] for achiev-
ing strong, and often dissipative, photon-photon interac-
tions.
The nonlinearity in such systems arises from the Ry-
dberg blockade [36] that prevents EIT for nearby pho-
tons, yielding strong nonlinear dispersion [23] or dissi-
pation [22, 37]. This mechanism has been successfully
employed for few-body applications, such as all-optical
switches [38–41] and two-photon phase gates [42], where
in both cases an initially stored gate photon controls
the state of a subsequently passing source photon. On
the other hand, a deeper understanding of many-body
dynamics in these systems still presents an outstanding
and formidable challenge to both theory and experiment.
While the formation of three-body photon bound states
has been studied [43] and reported [44] very recently, the
observational signatures for the transition to many-body
behavior have remained elusive.
In this work, we undertake such an extension of pre-
vious two-body applications [38–41] to multiple gate and
source photons. Our experiments performed in this
many-body regime indeed reveal clear deviations from
previous theories [45, 46] for single gate-photon states.
Remarkably, it is possible to derive a closed solution of
the general many-body problem that accounts for the
interplay of coherent photon propagation, strong atom-
atom interactions and dissipative processes in an exact
fashion. The new theory provides an excellent descrip-
tion of our experiments and reveals a correlated decoher-
ence protection mechanism, where source photon scat-
tering off one gate excitation shields all others behind it
from spatial decoherence. Studying this backaction on
the stored excitations, we show how it can be exploited
to subtract a single photon from the retrieved gate field,
and provide an experimental demonstration of this capa-
bility. In this way, the role of the source and gate fields
are reversed, where the source field is now used to ma-
nipulate the stored gate field.
The basic idea and setup are illustrated in Fig. 1(a-c).
Initially, a multiphoton gate field is stored [47–49] as a
collective spin wave in the Rydberg state |c〉 of an atomic
ensemble to yield a system of ng stored excitations. This
is achieved via Rydberg EIT with a properly timed gate-
photon pulse and control field with Rabi frequency Ωg
as shown in Fig. 1(c). Subsequently, a second source
field containing ns photons is sent through the medium
under EIT conditions with a different Rydberg state |s〉.
The strong van der Waals interaction between |s〉 and
|c〉 results in a spatially dependant level shift Vz,z′ =
C6/|z− z′|6 of |s〉, where z and z′ are the positions of |s〉
and |c〉 respectively. This exposes the propagating source
photons to a dissipative two-level medium of extent 2zb
surrounding each gate excitation. Here zb denotes the
blockade radius [50] within which the formation of a dark
state polariton is blocked. The effective optical depth of
this exposed medium is ∼ 4db, where 2db is the optical
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FIG. 1. (a) Schematics of the basic setting in which Rydberg spin wave excitations (blue) stored in an ultracold gas interact with
secondary Rydberg polaritons formed by propagating photons (red), whose interaction-induced scattering causes decoherence
of the stored spin waves. The underlying level scheme through which the initial gate (blue) and secondary source (red) photons
are coupled to their respective Rydberg states |c〉 and |s〉 is shown in panel (b). Panel (c) shows the experimental pulse
sequence for a complete cycle of storage, interaction and retrieval stages. The blue and red curves show the gate and source
field envelopes respectively, where the light and dark traces indicate the incident and transmitted intensities. The gray curves
show the control field envelopes (not to scale). Panel (d) shows the density matrix ρ5(x, r, y, r) of two stored gate excitations
after scattering 5 source photons and illustrates the correlated nature of the associated decoherence process.
depth per blockade radius. For large values of db nearly
all incoming source photons are scattered in the blockade
region such that this setup can function as an efficient
optical switch [38–41].
This scattering, however, does not leave the gate pho-
tons unaffected. Each source photon scattered off a
blockade sphere carries information about the position
of the Rydberg excitation that is causing the blockade
[46]. The associated coherence loss from such projective
spatial measurements typically leads to strong localiza-
tion of the original spin wave state, thereby inhibiting its
subsequent retrieval.
Formulating the described system in second quantiza-
tion, we introduce the bosonic operator Eˆ†(z, t) for the
creation of a source photon at position z and time t, and
similarly Pˆ †(z, t), Sˆ†(z, t), and Cˆ†(z, t) for the creation of
collective atomic excitations in the states |p〉, |s〉 and |c〉,
respectively [see Fig. 1(b)]. To describe the many-body
decoherence dynamics of the stored excitations, we define
the operator ρˆ(~xng , ~yng , t) =
∏ng
i=1 Cˆ
†(xi, t)
∏ng
i=1 Cˆ(yi, t)
which characterizes the spatial coherence between dif-
ferent configurations ~xng ≡ x1, x2, · · · , xng and ~yng ≡
y1, y2, · · · , yng of the stored excitations. The dynamics
of this operator is governed by the following equation of
motion,
∂tρˆ(~xng , ~yng , t) = i
∫ L
0
dz
[∑
k
Vz,xk −
∑
k
Vz,yk
]
× Sˆ†(z, t)ρˆ(~xng , ~yng , t)Sˆ(z, t).
(1)
Here, we assume low-intensity source and gate fields and
neglect the source-source and gate-gate interactions. To
calculate the spin wave decoherence predicted by Eq.
(1), we start from the initial system state |Ψng,ns〉 of
ng stored gate excitations and ns incident source pho-
tons. The elements of the stored spin wave density ma-
trix can then be defined according to ρns(~xng , ~yng , t) =
〈Ψng,ns |ρˆ(~xng , ~yng , t)|Ψng,ns〉. Solving the dynamics of
ρns(~xng , ~yng , t) according to Eq. (1) to zeroth order in
the source field bandwidth, the final state of the stored
gate excitations ρns(~xng , ~yng ) = ρns(~xng , ~yng , t→∞) af-
ter the passage of all source photons can be calculated
as
ρns(~xng , ~yng ) =
[
Φng (~xng , ~yng )
]ns
ρ0(~xng , ~yng ), (2)
where ρ0(~xng , ~yng ) is the initial state, and the quantity
Φng (~xng , ~yng ) is given by
Φng (~xng , ~yng ) = 1 +
db
zb
∫ L
0
dz
∑
k Vz,xk −
∑
k Vz,yk
(i+
∑
k Vz,xk) (i−
∑
k Vz,yk)
× exp
(
db
zb
∫ z
0
dz′
[ ∑
k Vz′,yk
i−∑k Vz′,yk −
∑
k Vz′,xk
i+
∑
k Vz′,xk
])
.
(3)
where Vz,z′ = γVz,z′/Ω2 is the rescaled interaction poten-
tial, and γ is the decay rate of |p〉. A detailed derivation
of this expression is presented in appendix A.
The emergence of correlated decoherence can be read-
ily understood by considering a dilute system of gate
excitations, where the contribution from spatial con-
figurations with overlapping blockade radii can be ne-
glected. Initially, the incoming source photons interact
with the first gate excitation located closest to the inci-
dent medium boundary. As described above, the asso-
ciated projective measurement of its position drastically
3degrades its retrieval. However, in the strong scatter-
ing limit, it also causes near complete extinction of the
source field such that all subsequent gate excitations are
shielded from photon scattering, leaving their spatial co-
herence unaffected.
To reveal this effect from our solution, Eq. (2),
consider the simplest situation of two gate excitations,
now stored in the same spatial mode. The quantity
ρns(x, r, y, r) in this case characterizes how the local den-
sity component of one gate excitation, at a position r, af-
fects the spatial coherence between x and y of the other
excitation. In Fig. 1(d), we plot ρns(x, r, y, r) for various
values of r. Indeed, one finds that source photon scat-
tering leads to almost complete decoherence, rendering
ρns(x, r, y, r) largely diagonal for x, y < r. For x, y > r,
on the other hand, the coherence of one gate excitation
with respect to x and y is preserved by scattering from
the other excitation at position r.
We can gain further insight into the decoherence dy-
namics for multiple gate excitations in the limit of db 
1. In this case, the quantity Φng (~xng , ~yng ) characterizing
the final density matrix in Eq. (2) reduces to
Φng (~xng , ~yng )
db→∞≈ Φ1(xmin, ymin), (4)
as shown in appendix B, where xmin = min
{
~xng
}
and
ymin = min
{
~yng
}
are the coherence coordinates of the
first excitation. This result indeed shows that only the
first excitation participates in the scattering dynamics.
Since Φ1(xmin, ymin 6= xmin) = 0 for db → ∞, this ex-
plicitly shows that the coherence of this first excitation
is vanishing. At the same time, it demonstrates that
the photon scattering from its local density preserves the
coherence of all other excitations, since Φ1(xmin, ymin =
xmin) = 1.
As described above, the efficiency of gate photon re-
trieval is directly affected by scattering induced spin wave
decoherence. While this inhibits the retrieval of a single
gate excitation [46], the many-body decoherence protec-
tion between multiple gate excitations offers enhanced
retrieval efficiencies, relative to the case of a single ex-
citation. Here we derive a simplified description of gate
photon retrieval from the full many-body density matrix
ρns(~xng , ~yng ) in Eq. (2), by assuming that scattering off
one gate excitation leaves the mode shape, and thus re-
trieval efficiency, of all other excitations unaffected. Con-
sidering coherent gate and source fields containing an
average number of photons αg and αs respectively, we
calculate the retrieval efficiency of each gate excitation
sequentially from its reduced density matrix. The total
retrieval efficiency η can then be written as
η = ηR
e−αg
αg
∞∑
ng=1
(αg)
ng
ng!
ng∑
k=1
e−αsp(1−p)
(k−1)
, (5)
as shown in appendix C, where p ≈ 1− exp[−4db] is the
source photon scattering probability per gate excitation,
and ηR denotes the retrieval efficiency in the absence of
interactions between source and gate excitations. The
second summand in Eq. (5) is proportional to the proba-
bility of retrieving the kth excitation in a given Fock state
component of the stored field. From this it is clear that
in the strong scattering limit (p ∼ 1), the retrieval of the
first excitation (k = 1) is suppressed, while the retrieval
of all later excitations is (k > 1) largely unaffected. The
retrieval efficiency thus provides a well suited and acces-
sible experimental probe of the many-body decoherence
in the system.
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FIG. 2. Normalized retrieval efficiency as a function of the
number, α¯s, of scattered source photons for different indicated
numbers, αg, of stored gate excitations. The theoretical pre-
diction of Eq. (5) (solid lines) is fitted to the experimental
data (dots) with a common scattering probability of p = 0.5
(errors bars showing SEM are smaller than the dots). Re-
trieval efficiencies are on the order of ηR ∼ 0.2 for all mea-
sured data. The dashed lines indicate the expected scaling
without decoherence protection.
Our experiments start by trapping ∼ 9 × 104 87Rb
atoms into an optical dipole trap which yields a cigar
shaped cloud at 4µK with 1/e radial and axial radii of
13µm and 42µm, respectively. All atoms are first op-
tically pumped into the |g〉 = |5S1/2, F = 2,mF = 2〉
state. Gate photons are coupled to the Rydberg state
|c〉 = |68S1/2,mJ = 1/2〉 via EIT by applying a weak
780 nm probe field that drives the transition between |g〉
and the intermediate |p〉 = |5P3/2, F = 3,mF = 3〉 state.
A strong counterpropagating 480 nm control field drives
the transition between |p〉 and |c〉 with a Rabi frequency
Ωg on two-photon resonance to establish EIT. We store
gate photons in the cloud by turning off Ωg while the gate
photon pulse propagates through the cloud. The gener-
ated number of Rydberg excitations can be measured by
standard field ionization detection from which we deter-
mine αg. Using a source photon pulse with an average
number of αs photons, we can probe the stored gate
excitations optically by monitoring the source-photon
transmission. In this case EIT is provided by another
control laser that couples the intermediate state to the
|s〉 = |66S1/2,mJ = 1/2〉 Rydberg state. Following their
interaction with the source photons, the gate photons are
read out by turning Ωg back on after a total storage time
of 4µs. A typical complete pulse sequence is shown in
4Fig. 1(c).
In Fig. 2 we show the retrieval efficiency as a func-
tion of the number, α¯s, of gate-scattered source photons,
which we determine from the transmission in the ab-
sence and presence of the gate excitations. If the photon-
photon interactions would decohere all gate excitations,
the retrieval efficiency would scale as ηR exp[−α¯s/αg]
which simply reflects the vacuum component of the
source-photon pulse [46]. While this simple relation
yields a good description for small αg and α¯s, we observe
significantly higher retrieval efficiencies for larger photon
numbers. Indeed, this can be traced back to the mul-
tiphoton protection mechanism introduced in this work,
as further evidenced by the remarkably good agreement
with the theoretical prediction of Eq. (5).
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FIG. 3. Number α¯g of retrieved gate photons as a function
of the number αg of initially stored excitations for different
incident source photon numbers αs. The measurements (dots)
agree well with the prediction of Eq. (5) (solid lines) for the
same value of p as in Fig. 2. The black dashed line shows
the prediction of Eq. (5) for p = 1 and large source field
intensity αs  1, which are the ideal conditions for single-
photon subtraction.
As the scattering probability approaches unity, only
the first gate excitation participates in the decoherence
dynamics. This in turn enables a robust mechanism for
single-photon subtraction, since the inability to retrieve
the decohered excitation effectively removes a single pho-
ton from the initial gate field upon retrieval. Fig. 3 shows
the number α¯g of retrieved gate photons as a function of
the number of stored gate excitations. Note that the
number of subtracted photons can still exceed unity due
to the imperfect scattering conditions, p < 1, in the ex-
periment. In this case, the first gate excitation does not
completely extinguish the source field which can there-
fore decohere additional gate photons. For the source
field intensities considered in Fig. 3, the measured trans-
mitted intensity is linear indicating that self-interactions
between source photons have a negligible effect.
To analyze the optimal operation of the photon sub-
tractor, we define the probability F that exactly one pho-
ton is decohered by source photon scattering. Using the
theory outlined above, we obtain
F = e−αg
1 + ∞∑
ng=1
(αg)
ng
ng!
P1(ng, αs)
 , (6)
as shown in appendix D, where P1(ng, αs) is the proba-
bility that the source field decoheres exactly one of the
ng stored excitations in a given stored Fock state compo-
nent. Upon maximizing Eq. (6) with respect to αs we ob-
tain the optimal subtraction efficiency Fopt. We plot Fopt
in Fig. 4, and compare this to the corresponding perfor-
mance of an alternative subtraction mechanism recently
demonstrated in Ref. [51]. Such alternative schemes uti-
lize quantum emitters whose absorption can be saturated
by a single photon, e.g., through strong photon coupling
to a single atom [16] or by exploiting the Rydberg block-
ade in atomic ensembles [51, 52].
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FIG. 4. Single-photon subtraction efficiency, Fopt, for a co-
herent gate field whith an average number of photons αg = 2.
The blue line shows the optimal efficiency of the current mech-
anism based on single-photon decoherence for perfect storage
and retrieval, while the red dashed line shows the correspond-
ing performance of photon subtraction by saturable absorp-
tion [51].
To draw this comparison, we have calculated the opti-
mal subtraction efficiency of the approach demonstrated
in Ref. [51]. The details of this calculation are out-
lined in appendix E. Here one employs Rydberg state
dephasing with a rate Γ for efficient single-photon absorp-
tion with probability p. Working with a small ensemble,
the produced Rydberg excitation then blocks the storage
of subsequent photons and renders the medium largely
transparent with a small residual absorption. While this
strategy benefits from the growing single-photon absorp-
tion efficiency with increasing input power [51], its fi-
delity is ultimately limited by the challenging require-
ment of maximizing p at low residual photon absorption.
In the present case, the scattering probability p exponen-
tially approaches unity with increasing db which simulta-
neously enhances the protection of all other photons from
decoherence, and thereby improves the overall subtractor
performance. Instead, the overall performance is limited
by the finite storage and retrieval efficiency [see appendix
5D for further details]. While the current experiment has
not been optimized with respect to storage and retrieval,
we note that recent measurements have reported com-
bined efficiencies in excess of 95% [53]. Approaching this
limit in Rydberg media would require longer clouds with
higher optical depth and shorter storage times to mini-
mize dephasing effects [54], combined with optimization
of the storage and retrieval protocol [46–48].
In summary, we have investigated the dissipative quan-
tum dynamics of multiple photons in a strongly interact-
ing Rydberg ensemble. Considering the specific situa-
tion of stored Rydberg spin waves interacting with prop-
agating Rydberg polaritons, we derived an exact solution
to this general many-body problem, which reveals corre-
lated spin wave dynamics and a mutual decoherence pro-
tection mechanism between multiple stored excitations.
Our experiments clearly demonstrate this effect and sug-
gest how it can be exploited to manipulate light at the
quantum level. In particular we showed how the discov-
ered effect can provide a robust mechanism for realizing a
single-photon subtractor. Its current overall performance
is limited by the efficiency for light storage and retrieval.
Improving this capability and better understanding as-
sociated Rydberg-state effects [44, 55–58] will thus be
central to future work, and is vital to a number of recent
experiments [38–42, 44, 59] based on light storage and
subsequent photon interactions. Our measurements and
developed theory of multiphoton decoherence effects pro-
vide valuable insights for such applications [38–42] and
future studies of strongly interacting Rydberg-polariton
systems beyond the few photon limit.
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Appendix A: Gate excitation density matrix dynamics
Here, we will outline the solution to the gate excitation density matrix given in Eq. (2) of the main text. To
first describe the EIT dynamics of the source field, we introduce the bosonic operator Eˆ†(z, t), which creates a source
photon at position z and time t, and similarly introduce the operators Pˆ †(z, t), Sˆ†(z, t) and Cˆ†(z, t) which create
collective atomic excitations in |p〉, |s〉 and |c〉 respectively. In a one-dimensional approximation, these operators are
governed by the following Heisenberg equations of motion,
∂tEˆ(z, t) = −c∂zEˆ(z, t) + iGPˆ (z, t), (A1)
∂tPˆ (z, t) = iGEˆ(z, t) + iΩsSˆ(z, t)− γPˆ (z, t) + Fˆ (z, t), (A2)
∂tSˆ(z, t) = iΩsPˆ (z, t)− i
∫ L
0
dz′Vz,z′Cˆ†(z′, t)Cˆ(z′, t)Sˆ(z, t), (A3)
∂tCˆ(z, t) = −i
∫ L
0
dz′Vz,z′ Sˆ†(z′)Sˆ(z′)Cˆ(z, t). (A4)
Here, c is the vaccum speed of light, G = g
√
ρa is the collectively enhanced coupling of the |g〉− |p〉 transition (where
g is the single atom coupling and ρa is the homogenous atomic density), Ωs is the Rabi frequency of the classical
crontrol field driving the |p〉−|s〉 Rydberg transition, and γ is the decay rate of the intermediate state |p〉. We assume
low-intensity source and gate fields such the |s〉 − |s〉 and |c〉 − |c〉 interactions can be neglected. The operator Fˆ (z, t)
describes Langevin noise associated with the decay of the intermediate state [60].
Considering a system of ng stored gate excitions and ns incident source photons, we introduce |Ψng,ns〉 as the initial
state. In the Heisenberg picture, this can be constructed explicitly as,
|Ψng,ns〉 =
1√
ng!ns!
[
1√
c
∫ ∞
−∞
dzh(−z/c)Eˆ†(z, 0)
]ns
×
[∫ L
0
d~zngC(~zng )Cˆ†(z1, 0) . . . Cˆ†(zng , 0)
]
|0〉, (A5)
where h(t) is the temporal mode of the incident (uncorrelated) source field, and C(~zng ) is the initial spatial mode of
the stored gate excitations where ~zng ≡ z1, z2, · · · , zng denotes the vector of gate excitation coordinates. To determine
the scattering-induced spin wave decoherence, it is necessary to consider the density matrix dynamics of the stored
gate excitations. For this, we first define the operator ρˆ(~xng , ~yng , t)
ρˆ(~xng , ~yng , t) =
ng∏
i=1
Cˆ†(xi, t)
ng∏
i=1
Cˆ(yi, t). (A6)
6This can then be used in conjuction with Eq. (A5) to define the elements of the stored spin wave density matrix as
ρns(~xng , ~yng , t) = 〈Ψng,ns |ρˆ(~xng , ~yng , t)|Ψng,ns〉, (A7)
which characterises the spatial coherence between different configurations ~xng and ~yng of the stored gate excitations
in response to scattering ns source photons. To evaluate the time dynamics of ρns(~xng , ~yng , t), we begin with the
equation of motion for the coherence operator,
∂tρˆ(~xng , ~yng , t) = i
∫ L
0
dz
[∑
k
Vz,xk −
∑
k
Vz,yk
]
Sˆ†(z, t)ρˆ(~xng , ~yng , t)Sˆ(z, t), (A8)
which can be readily derived from Eq. (A4). The solution to the spin wave operator Sˆ(z, t) will be a convolution of
the form
Sˆ(z, t) =
∫ ∞
−∞
dt′eˆ(z, t− t′)Eˆ(0, t′), (A9)
where eˆ(z, t) is an operator object which is intrinsically nonlinear in the stored spin wave density Cˆ†(z, t)Cˆ(z, t). The
general solution also includes terms propotional to Eˆ(z, 0), Pˆ (z, 0), Sˆ(z, 0) and Fˆ (z, 0). However, since all our results
only involve normally ordered expectation values, such terms give vanishing contributions for the initial state in Eq.
(A5) [46, 61]. With the definition for Sˆ(z, t) in Eq. (A9), the equation of motion for ρng (~xng , ~yng , t) can then be
written as,
∂tρns(~xng , ~yng , t) = i
ns
c
∫ L
0
dz
[∑
k
Vz,xk −
∑
k
Vz,yk
]∫ ∞
−∞
dt′h∗(t′)
∫ ∞
−∞
dt′′h(t′′)
× 〈Ψng,ns−1|eˆ†(z, t− t′)ρˆ(~xng , ~yng , t)eˆ(z, t− t′′)|Ψng,ns−1〉,
(A10)
where we have used the property Eˆ(0, t)|Ψng,ns〉 = Eˆ(−ct, 0)|Ψng,ns〉 =
√
ns/ch(t)|Ψng,ns−1〉. In the limit where the
source field is narrowband in relation to the EIT bandwidth, we can make the replacement eˆ(z, t) = eˆ(z)δ(t), where
eˆ(z) defines the static solution to Sˆ(z, t) as Sˆ(z, t → ∞) = eˆ(z)Eˆ(0, t → ∞). This can be obtained by solving Eqs.
(A1 - A3) in the steady state to yield
eˆ(z) = − G
Ωs
1
1 + i
∫
dz′Vz,z′Cˆ†(z′)Cˆ(z′)
exp
(
db
zb
∫ z
0
dz′
[
1
1 + i
∫
dz′′Vz′,z′′Cˆ†(z′′)Cˆ(z′′)
− 1
])
, (A11)
where Vz,z′ = γVz,z′/Ω2s is the rescaled interaction potential, and 2db = 2G2zb/cγ is the optical depth per blockade
radius, where zb is defined according to Vzb,0 = Ω
2
s/γ. Eq. (A10) can then be written as,
∂tρns(~xng , ~yng , t) = i
ns
c
|h(t)|2
∫ L
0
dz
[∑
k
Vz,xk −
∑
k
Vz,yk
]
〈Ψng,ns−1|eˆ†(z)ρˆ(~xng , ~yng , t)eˆ(z)|Ψng,ns−1〉. (A12)
To proceed, we note that since the operator eˆ(z) is constructed from the local density operator Cˆ†(z)Cˆ(z), it
conserves the total number of gate excitations. As such, the state |C(~xng )〉 =
∏ng
i=1 Cˆ
†(xi)|0〉 is an eigenstate of eˆ†(z)
with an eigenvalue e∗(z, ~xng ) defined by eˆ
†(z)|C(~xng )〉 = e∗(z, ~xng )|C(~xng )〉, which can be readily derived from Eq.
(A11) as
e(z, ~xng ) = −
G
Ωs
1
1 + i
∑
k Vz,xk
exp
(
db
zb
∫ z
0
dz′
[ ∑
k Vz,xk
i−∑k Vz,xk
])
. (A13)
Upon then redefining ρˆ(~xng , ~yng ) = |C(~xng )〉〈C(~yng )|, it follows that the equation of motion for ρns(~xng , ~yng , t) can
be written as
∂tρns(~xng , ~yng , t) = nsφng (~xng , ~yng )ρns−1(~xng , ~yng , t), (A14)
where
φng (~xng , ~yng ) = i
db
zb
Ω2s
G2
∫ L
0
dz
[∑
k
Vz,xk −
∑
k
Vz,yk
]
e∗(z, ~xng )e(z, ~yng ), (A15)
which defines the expression in Eq. (3) of the main text as Φng (~xng , ~yng ) = 1+φng (~xng , ~yng ). The system of equations
for ρns(~xng , ~yng , t) goverened by Eq. (A14) can then be solved recusively in ns to yield the final expression for the
many-body density matrix given in Eq. (2) of the main text.
7Appendix B: Spin wave decoherence in the infinite db limit
Here, we will derive the simple expression for the many-body density matrix in the infinite db limit. Upon spatially
ordering all gate excitations, whereby x1, y1 are the coherence coordinates of the first excitation, x2, y2 are the
coordinates of the second and so on, then the result for Φng (~xng , ~yng ) can be approximated as
Φng (~xng , ~yng ) ≈ 1 + φ1(x1, y1) + (1− p<2)φ1(x2, y2) + (1− p<3)φ1(x3, y3) + · · ·+ (1− p<ng )φ1(xng , yng ), (B1)
where φ1(xk, yk) is given by Eq. (A15), and p<k is the probability that a given source photon scatters before it reaches
the kth excitation. Here, it is implicitly assumed that p<k is close to unity, and in the infinite db limit, one can make
the approximation p<k = 1. In this case, Φng (~xng , ~yng ) ≈ 1 + φ1(x1, y1) = Φ1(xmin, ymin) as given by Eq. (4) of the
main text.
Appendix C: Approximate model of retrieval efficiency
Here, we will derive the approximate model of retrieval efficiency presented in Eq. (5) of the main text. We start
by considering a system of ng stored gate excitations, and ns photons in the incident source field. We assume a dilute
system of excitations, such that the contributions from configurations of excitations with overlapping blockde radii
can be neglected. The storage of such configurations will anyways be suppressed due to self-blockade between gate
photons. As a second simplification, we assume that the scattering induced localisation of one gate excitaiton does
not affect the mode shape, and thus retrieval, of any other. Formally, this approximation can be implemented by
assuming the gate photons are stored in non-overlapping modes, and we introduce ρ
(k)
0 (xk, yk) as the initial single
body density matrix of the kth excitation. With this simplification, the initial many-body density matrix is given by
the pure (uncorrelated) state ρ0(~xng , ~yng ) = ρ
(1)
0 (x1, y1)ρ
(2)
0 (x2, y2) · · · ρ(ng)0 (xng , yng ). The efficiency of retrieving the
kth excitation after source photon scattering can be calculated from its reduced density matrix ρ
(k)
ns (x, y), which can
be calculated from the full many-body density matrix according to
ρ(k)ns (x, y) = ng
∫
dr1 · · · drk−1drk+1 · · · drngρns(r1, · · · , rk−1, x, rk+1, · · · , rng , r1, · · · , rk−1, y, rk+1, · · · , rng ). (C1)
Assuming that the medium is much longer than the stored spin wave mode, the explicit form of ρ
(k)
ns (x, y) is given by,
ρ(k)ns (x, y) =
[
1 +Ak−1φ(x, y)
]ns
ρ
(k)
0 (x, y), (C2)
where 1−A is the scattering probability per gate excitation defined according to,
A = exp
(
db
zb
∫ ∞
−∞
dz′
[ Vz′,0
i− Vz′,0 −
Vz′,0
i+ Vz′,0
])
, (C3)
= exp
(
2dbRe
[
2pi
3
(−1)11/12
])
, (C4)
≈ exp(−4db). (C5)
The retrieval efficiency of the kth excitation is then calculated as ηk(ns) = R
[
ρ
(k)
ns (x, y)
]
. Here, R is a generic linear
function for determining the retrieval efficiency from any given one-body density matrix and pulse sequence, whose
explicit form is detailed in Ref. [47]. To simplify the calculation of ηk(ns), we assume that the blockade radius is
much smaller than the spatial extent of each spin wave mode. In this situation, photon scattering will practically
cause complete localisation of a given stored gate excitation. The quantity φ(x, y) characterising this decoherence in
Eq. (C2) can then be approximated by
φ(x, y) =
{
0 if x = y
A− 1 otherwise (C6)
However, since the retrieval efficiency is predominatly determined by the spin wave coherences, it suffices to neglect
the narrow digonal feature in φ(x, y) when caluclatuing ηk(ns). Using the approximation φ(x, y) ≈ A−1, the retrieval
efficiency of the kth excitation is then given by
ηk(ns) =
[
1− p(1− p)k−1]ns R [ρ(k)0 (x, y)] , (C7)
8where we have used the fact that the scattering probability per gate excitation is given by p = 1 − A. We can then
calculate the total number of retrieved gate photons from the stored ng-excitation Fock state after scattering ns source
photons as
n¯g(ng, ns) =
ng∑
k=1
ηk(ns) = ηR
ng∑
k=1
[
1− p(1− p)k−1]ns , (C8)
where we have made use of the fact that the retrieval function is linear, and further assumed that the retrieval
efficiency in the absence of photon scattering is the same for all gate excitations, i.e., R
[
ρ
(k)
0 (x, y)
]
= ηR. Finally,
taking into account the coherent state nature of the involved fields, we can calculate the average number of retrieved
gate photons by performing a coherent state average of n¯g(ng, ns) over the number distribution of the gate and source
fields, which ultimately yields
α¯g = e
−αge−αs
∞∑
ng=1
∞∑
ns=0
(αg)
ng
ng!
(αs)
ns
ns!
n¯g(ng, ns), (C9)
= ηRe
−αge−αs
∞∑
ng=1
∞∑
ns=0
(αg)
ng
ng!
(αs)
ns
ns!
ng∑
k=1
[
1− p(1− p)k−1]ns , (C10)
= ηRe
−αg
∞∑
ng=1
(αg)
ng
ng!
ng∑
k=1
exp
[−αsp(1− p)k−1] . (C11)
Finally, we can calculate the retrieval efficiency as the ratio of the number of retrieved gate photons with and without
source field scattering,
η = ηR
e−αg
αg
∞∑
ng=1
(αg)
ng
ng!
ng∑
k=1
exp
[−αsp(1− p)k−1] , (C12)
as given by Eq. (5) of the main text.
Appendix D: Single photon subtraction via decoherence
Here we will derive a simple estimate for the efficiency of single photon subtraction based on the described decoher-
ence mechanism. For this, first consider the operation using Fock states of the incoming gate and source fields. Let
|ng〉 describe the gate field containing ng photons, and |ns〉 describe the source field containing ns photons. Through
the combination of gate storage, source field scattering and gate retrieval, a perfectly functioning single photon sub-
tractor will achieve the mapping |ng〉 7→ |ng − 1〉. Taking into account a finite storage and retrieval efficiency due to
linear losses, this photon subtraction can be achieved either from failed storage or failed retrieval, the latter of which
is controlled via scattering induced decoherence.
To calculate the overall success probability for this to occur, let us first consider the storage losses. For this, we
assume that storage is a linear process, and that each gate photon is stored with an probability ηS . The probability
that all ng photons are succesfully stored, P
(S)
0 (ng), and the probability that one fails to store, P
(S)
1 (ng), are then
each given by
P
(S)
0 (ng) = η
ng
S (D1)
P
(S)
1 (ng) = ng(1− ηS)ηng−1S (D2)
Assuming that n¯g photons are stored, we then need to consider the subsequent decoherence dynamics from source
field scattering. The probability p0(n¯g) that an incoming source photon fails to scatter from any of the n¯g stored gate
excitations is given by
p0(n¯g) = (1− p)n¯g , (D3)
and the probability p1(kg) that a source photon scatters from the k
th
g excitation is given by,
p1(kg) = p(1− p)kg−1, (D4)
9where p is the scattering probability per gate excitation. The probability P
(D)
0 (n¯g, ns) that none of the ns incoming
source photons are scattered, such that n¯g coherent excitations remain after the source field propagation, is then
simply given by,
P
(D)
0 (n¯g, ns) = [p0(n¯g)]
ns (D5)
We then need to consider the probability that one gate photon is decohered after the source field scattering, which
therefore leaves n¯g−1 retrievable gate excitations. For this, the probability that ns incoming source photons decohere
the kthg gate excitation only can then be considered as a sum of contributions: either all ns source photons scatter off
the kthg excitation, or ns − 1 source photons scatter off the kthg excitation while one is transmitted, or ns − 2 source
photons scatter off the kthg excitation while two are transmitted, and so on. The individual probabilities, P(kg,ks)n¯g,ns ,
that ks out of the ns incoming source photons scatter off the k
th
g gate excitation are then given by,
P(kg,ks)n¯g,ns =
(
ns
ks
)
[p1(kg)]
ks [p0(n¯g)]
ns−ks , (D6)
where the binomial coefficient takes into account all the relevant scattering possibilities. The probability that at least
one source photon scatters off the kthg gate excitation is then given by
∑ns
ks=1
P(kg,ks)n¯g,ns , such that the probability that
only one gate excitation is left decohered after the passage of ns source photons is given by
P
(D)
1 (n¯g, ns) =
n¯g∑
kg=1
ns∑
ks=1
P(kg,ks)n¯g,ns (D7)
=
n¯g∑
kg=1
{
ns∑
ks=0
(
ns
ks
)
[p1(kg)]
ks [p0(n¯g)]
ns−ks − [p0(n¯g)]ns
}
(D8)
=
n¯g∑
kg=1
{[p1(kg) + p0(n¯g)]ns − [p0(n¯g)]ns} (D9)
We finally need to describe the linear retrieval losses, where we account for a finite retrieval probability of ηR per gate
excitation. Assuming that we are left with n˜g coherent gate excitations after source field scattering, the probability
that all are successfully retrieved, P
(R)
0 (n˜g), and the probability that one is lost during retrieval, P
(R)
1 (n˜g), are then
each given by
P
(R)
0 (n˜g) = η
n˜g
R (D10)
P
(R)
1 (n˜g) = n˜g(1− ηR)ηn˜g−1R (D11)
The overall success probability for single photon subtraction P1(ng, ns) can than be evaluated by summing all contri-
butions where exactly one photon is removed either during storage or retrieval,
P1(ng, ns) = P
(S)
1 (ng)P
(D)
0 (ng − 1, ns)P (R)0 (ng − 1)
+P
(S)
0 (ng)P
(D)
1 (ng, ns)P
(R)
0 (ng − 1)
+P
(S)
0 (ng)P
(D)
0 (ng, ns)P
(R)
1 (ng)
(D12)
The first line corresponds to single photon loss during storage, followed by perfect retrieval of all remaining stored
excitations. The second line corresponds to successful storage of all gate photons, while one is removed upon retrieval
due to scattering induced decoherence. Finally, the third line corresponds to successful storage of all gate photons,
while one is removed upon retrieval due to linear losses. We can then use this result to obtain the success probability
P1(ng, αs) for single photon subtraction using a coherent source field containing an average number of photons αs by
performing a coherent state average of P1(ng, ns) over the number distribution of the source field,
P1(ng, αs) = e
−αs
∞∑
ns=0
αnss
ns!
P1(ng, ns) (D13)
which is valid for ng > 0. At this point, we can examine the effects of imperfect storage and retrieval. For a given ng,
we can find the source field intensity α
(opt)
s that optimises P1(ng, αs) under conditions of perfect storage and retrieval,
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FIG. 5. (a-c) The subtraction efficiency P1(ng, αs) for a Fock state with ng = 2 incident gate photons is plotted as a function of
the efficiency of storage, ηS , and retrieval, ηR. The blockaded optical depth is db = 0.5, 1 and 5 in (a), (b) and (c) respectively,
and in each figure, we fix the coherent source field intensity to α
(opt)
s which optimises P1(ng, αs) for perfect storage and
retrieval, ηS = ηR = 1. P1(ng, αs) is plotted as a function of the combined effieincy for storage and retrieval ηSηR (specifically
for ηS = ηR) for db = 0.5, 1 and 5 in (d), (e) and (f) respectively.
ηS = ηR = 1. Considering a two-photon Fock state, we plot P1(ng, α
(opt)
s ) against ηS and ηR in Fig. 5, and further
examine its scaling with the combined effieiency for storage and retrieval, ηSηR.
Finally, considering a coherent state of the gate field, we can define the averaged single photon subtraction efficiency
F defined in Eq. 6 of the main text by performing a coherent state average over the number distribution of the gate
field,
F = e−αg
1 + ∞∑
ng=1
(αg)
ng
ng!
P1(ng, αs)
 . (D14)
Note that we implicitly set P1(ng = 0, αs) = 1, which assumes the subtraction is perfect for the vacuum component
of the gate field. By optimisng F with respect to αs for a given αg, we obtain the blue curve in Fig. 4 of the main
text (where we consider perfect storage and retrieval efficiency).
Appendix E: Single photon subtraction via saturable absorption
Here, we will discuss the subtraction efficiency of the single photon absorber using a free-space Rydberg superatom,
as recently demonstrated in [51]. The general mechanism in this case relies on saturating the absorption of an
optically thick ensemble via Rydberg blockade. Here, engineered dephasing on the Rydberg state with a rate Γ is
used to achieve incoherent photon storage with a probability p. By working with a medium that is shorter than the
blockade volume, the produced single Rydberg excitation then prevents any further photon absorption. For a large
single photon detuning, the remaining off-resonant two-level medium is largely transparent to all subsequent photons,
which scatter with a small residual probability p˜. Efficient single photon absorption with this mechanism then requires
a large absorption probability p, while simultaneous minimising the residual photon losses.
This scheme is realised by coupling the quantised gate field to the low-lying excited state |p〉 with a large single
photon detuning ∆. A continuously applied control field then couples |p〉 to the Rydberg state |s〉 on two-photon
resonance with a Rabi frequency Ω. As before, one can introduce the operator Eˆ†(z, t) to describe the creation of a
11
gate photon, and introduce Pˆ †(z, t) and Sˆ†(z, t) to describe the creation of collective atomic excitations in |p〉 and
|s〉. For a single incoming photon, the system dynamics are characterised by the following equations,
∂tEˆ(z, t) = −c∂zEˆ(z, t) + iGPˆ (z, t), (E1)
∂tPˆ (z, t) = iGEˆ(z, t) + iΩSˆ(z, t)− [i∆ + γ]Pˆ (z, t), (E2)
∂tSˆ(z, t) = iΩPˆ (z, t)− ΓSˆ(z, t). (E3)
Here, Langevin noise can be neglected for the reasons outlined in Sec. A. To zeroth order in the photon bandwidth,
this system of equations reduces to a single propagation equation for Eˆ(z) as
∂zEˆ(z) = − 1
labs
1
ΓEIT
Γ + 1 + i
∆
γ
Eˆ(z) (E4)
where ΓEIT = Ω
2/γ is the resonant EIT bandwidth. For a medium of length zb, the transmitted photon operator can
be solved as
Eˆ(zb) = exp
[
−db 1ΓEIT
Γ + 1 + i
∆
γ
]
Eˆ(0) =
√
1− peiθEˆ(0), (E5)
where θ is the phase of the transmitted field, and p is the absorption probability, the latter of which is given by
p = 1− exp
−2db 1 + ΓEITΓ(
1 + ΓEITΓ
)2
+
(
∆
γ
)2
 . (E6)
The residual (dissipative) scattering probability of the blockaded ensemble after photon absorption can then be
straightforwardly obtained from the above expression by setting ΓEIT = 0 to give
p˜ = 1− exp
−2db 1
1 +
(
∆
γ
)2
 . (E7)
To analyse the subtraction efficiency, first consider a Fock state of the incoming gate field containing ng photons.
Treating the photons sequentially, the probability that exactly one is absorbed into the medium, whilst all others are
transmitted can be calculated as
P1(ng) =
ng∑
k=1
p(1− p)k−1(1− p˜)ng−k. (E8)
The subtraction efficiency for a coherent state with an average number of αg photons is then given by
F = e−αg
1 + ∞∑
ng=1
(αg)
ng
ng!
P1(ng)
 . (E9)
For a given db and αg, the optimal subtraction efficiency can be determined from Eq. (E9) by maximising F with
respect to ∆/γ and ΓEIT/Γ to obtain the red dashed curve in Fig. 4 of the main text. Here, the additional constraint
ΓEIT/Γ 1 is imposed to ensure that incoherent photon absorption dominates over the dissipative scattering.
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